A graph G is (a : b)-colorable if there exists an assignment of b-element subsets of {1, . . . , a} to vertices of G such that sets assigned to adjacent vertices are disjoint. We first show that for every triangle-free planar graph G and a vertex x ∈ V (G), the graph G has a set coloring ϕ by subsets of {1, . . . , 6} such that |ϕ(v)| ≥ 2 for v ∈ V (G) and |ϕ(x)| = 3. As a corollary, every triangle-free planar graph on n vertices is (6n : 2n + 1)-colorable. We further use this result to prove that for every ∆, there exists a constant M∆ such that every planar graph G of girth at least five and maximum degree ∆ is (6M∆ : 2M∆ + 1)-colorable. Consequently, planar graphs of girth at least five with bounded maximum degree ∆ have fractional chromatic number at most 3 − 3 2M ∆ +1
Introduction
A function that assigns sets to all vertices of a graph is a set coloring if the sets assigned to adjacent vertices are disjoint. For positive integers a and b ≤ a, an (a : b)-coloring of a graph G is a set coloring with range {1,...,a} b , i.e., a set coloring that to each vertex assigns a b-element subset of {1, . . . , a}. The concept of (a : b)-coloring is a generalization of the conventional vertex coloring. In fact, an (a : 1)-coloring is exactly an ordinary proper a-coloring. The fractional chromatic number of G, denoted by χ f (G), is the infimum of the fractions a/b such that G admits an (a : b)-coloring. Note that χ f (G) ≤ χ(G) for any graph G, where χ(G) is the chromatic number of G.
Much of the interest in the chromatic properties of triangle-free planar graphs stems from Grötzsch's theorem [4] , stating that such graphs are 3-colorable. Even in the fractional coloring setting, it is not possible to significantly improve Grötzsch's theorem. For any positive integer n such that n ≡ 2 (mod 3), Jones [5] constructed a triangle-free planar graph on n vertices with independence number (in fact, they are (3n : n + 1)-colorable). Thus, there exist triangle-free planar graphs with fractional chromatic number arbitrarily close to 3. On the other hand, Dvořák, Sereni and Volec [3] showed that there does not exist a triangle-free planar graph with fractional chromatic number exactly 3 by establishing the following upper bound.
Theorem 1 (Dvořák, Sereni and Volec [3] ). Every planar triangle-free graph on n vertices is (9n : 3n + 1)-colorable, and thus it has fractional chromatic number at most 3 − 3 3n+1 .
Note that the graphs built by Jones [5] contain a large number of separating 4-cycles. Motivated by this observation, Dvořák, Sereni and Volec [3] conjectured that triangle-free plane graphs without separating 4-cycles cannot have fractional chromatic number arbitrarily close to 3, and proved this is the case under an additional assumption that the maximum degree is at most 4. They also remarked that since faces of length four are usually easy to deal with in the proofs by collapsing, a key step would be to prove this conjecture for planar graphs of girth at least five (this special case was previously conjectured by Dvořák and Mnich [2] ).
Conjecture 2.
There exists a real number c < 3 such that every planar graph of girth at least five has fractional chromatic number at most c.
The purpose of this work is to establish the following upper bound on the fractional chromatic number of planar graphs of girth at least five with maximum degree ∆, proving Conjecture 2 for graphs with bounded maximum degree. Theorem 3 is an easy corollary of the following result on special set colorings of planar graph of girth at least five.
Theorem 4. For every positive integer k, there exists a positive integer s such that the following holds. Let G be a planar graph of girth at least five and let X be a set of vertices of G of degree at most k. If the distance between vertices of X is at least s, then G has a set coloring ϕ by subsets of {1, . . . , 6} such that |ϕ(v)| ≥ 2 for v ∈ V (G) and |ϕ(x)| = 3 for x ∈ X.
Using standard techniques, we can argue that it suffices to prove Theorem 4 in the special case |X| = 1. In this special case, we only need to assume that the graph is triangle-free (rather than having girth at least five).
Theorem 5. Let G be a triangle-free planar graph. For any vertex x ∈ V (G), the graph G has a set coloring ϕ by subsets of {1, . . . , 6} such that |ϕ(v)| ≥ 2 for v ∈ V (G) and |ϕ(x)| = 3.
Let us remark that in Theorem 4, it does not suffice to forbid triangles: It is easy to see that any graph G satisfying the outcome of the theorem has an independent set of size at least 2n+|X| 6 , implying that for the graphs constructed by Jones [5] (which have unbounded diameter), the outcome cannot be true for any set X of size at least three. It might be possible to improve the ratio of extra colors assigned to the vertex x in Theorem 5 a bit; e.g., it could be true that there exists a coloring by subsets of {1, . . . , 9} such that all vertices get at least three colors and x gets five. However, when G is the graph obtained from the wheel with five spokes by subdividing each of the spokes once, x is the center of the wheel, and ϕ is a coloring by subsets of {1, . . . , k} and each vertex has at least Before proceeding with the proofs, let us mention another consequence of Theorem 5. Consider a triangle-free planar graph G with V (G) = {v 1 , v 2 , . . . , v n }. For each vertex v i ∈ V (G), the graph G has a set coloring ϕ i by subsets of {6i − 5, 6i − 4, 6i − 3, 6i − 2, 6i − 1, 6i} such that |ϕ(v j )| ≥ 2 for 1 ≤ j ≤ n and |ϕ(v i )| = 3. Let us set ϕ(v) = n i=1 ϕ i (v) for each v ∈ V (G). Then ϕ is a set coloring of G by (2n + 1)-element subsets of {1, . . . , 6n}. Hence, we have the following corollary, which improves upon Theorem 1.
Corollary 6. Every triangle-free planar graph on n vertices is (6n : 2n + 1)-colorable, and thus its fractional chromatic number is at most 3 − 
Set coloring of triangle-free planar graphs
In this section, we give a proof of Theorem 5. Let G be a graph and let X be a set of vertices of G. An X-enhanced coloring of G is a set coloring ϕ of G by subsets of {1, . . . , 6} such that |ϕ(v)| ≥ 2 for all v ∈ V (G) and |ϕ(x)| = 3 for x ∈ X. We are going to prove a mild strengthening of Theorem 5 where the outer face is precolored.
Theorem 7. Let G be a triangle-free plane graph whose outer face is bounded by a cycle C of length at most 5, and let X be a subset of V (C) of size at most one. Then any X-enhanced coloring of C can be extended to an X-enhanced coloring of G.
Theorem 5 follows from Theorem 7 by redrawing the graph so that x is incident with the outer face, adding three new vertices v 1 , v 2 , and v 3 and the edges of the 4-cycle C = xv 1 v 2 v 3 bounding the outer face of the resulting graph, letting X = {x} and choosing an X-enhanced coloring of C arbitrarily.
A (hypothetical) counterexample to Theorem 7 is a triple (G, X, ϕ), where G is a triangle-free plane graph whose outer face is bounded by a cycle C of length at most 5, X is a subset of V (C) with |X| ≤ 1, and ϕ is an X-enhanced coloring of C such that ϕ does not extend to an X-enhanced coloring of G. The counterexample (G, X, ϕ) is minimal if there is no counterexample (G , X , ϕ ) such that either |V (G )| < |V (G)|, or |V (G )| = |V (G)| and |E(G )| > |E(G)|; i.e., G has the minimum number of vertices among all counterexamples, and the maximum number of edges among all counterexamples with the minimum number of vertices.
Properties of a minimal counterexample
Let us start with some observations on vertex degrees and face lengths in a minimal counterexample.
Lemma 8. If (G, X, ϕ) is a minimal counterexample, then G is 2-connected, all vertices of degree two are incident with the outer face or adjacent to a vertex in X, and every (≤ 5)-cycle in G bounds a face.
Proof. Let v be a vertex of G of degree at most two, not contained in the cycle C bounding the outer face of G. Since (G, X, ϕ) is a minimal counterexample, the coloring ϕ extends to an X-enhanced coloring ψ of G − v. Since ψ does not extend to an X-enhanced coloring of G − v, we conclude that | uv∈E(G) ψ(u)| ≥ 5, and thus deg(v) = 2 and v is adjacent to a vertex in X.
Suppose now that G is not 2-connected, and thus there exist proper induced subgraphs G 1 and G 2 of G intersecting in at most one vertex such that G = G 1 ∪ G 2 and C ⊆ G 1 . Let f be a face of G incident with both a vertex of V (G 1 ) \ V (G 2 and a vertex of V (G 2 ) \ V (G 1 ). Since G is triangle-free and has minimum degree at least two, observe that for i ∈ {1, 2}, there exists a vertex v i ∈ V (G i ) incident with f such that if G 1 and G 2 intersect, then the distance between v i and the vertex in G 1 ∩ G 2 is at least two. Then G + v 1 v 2 is triangle-free and has more edges than G, and thus by the minimality of (G, X, ϕ), there exists an X-enhanced coloring of G + v 1 v 2 extending ϕ. This also gives an X-enhanced coloring of G, which is a contradiction. Hence, G is 2-connected.
Suppose that a (≤ 5)-cycle K of G does not bound a face. Since G is triangle-free, the cycle K is induced. Let G 1 be the subgraph of G drawn outside (and including) K, and let G 2 be the subgraph of G drawn inside (and including) K. We have V (G 1 ) < V (G), and thus there exists an X-enhanced coloring ϕ 1 of G 1 extending ϕ. Furthermore, since |V (G 2 )| < |V (G)|, there exists an X-enhanced coloring ϕ 2 of G 2 that matches ϕ 1 on K. The union of ϕ 1 and ϕ 2 is an X-enhanced coloring of G extending ϕ, which is a contradiction. Hence, every (≤ 5)-cycle of G bounds a face.
Lemma 9. If (G, X, ϕ) is a minimal counterexample with the outer face bounded by a cycle C, then G contains no 4-cycle other than C.
Proof. Suppose that G contains a 4-cycle K = v 1 v 2 v 3 v 4 distinct from C. By Lemma 8, K bounds a face. Since K = C, we can assume that v 3 / ∈ V (C). Let G be the graph obtained from G by identifying v 1 with v 3 . Note that each X-enhanced coloring of G corresponds to an X-enhanced coloring of G, and thus ϕ does not extend to an X-enhanced coloring of G . Since |V (G )| < |V (G)|, we conclude by the minimality of (G, X, ϕ) that G contains a triangle. Hence, G contains a 5-cycle Q = v 1 v 2 v 3 uw. By Lemma 8, the 5-cycles Q and Q = v 1 v 4 v 3 uw bound faces. We conclude that G has only three faces, bounded by the cycles K, Q, and Q . However, v 3 ∈ V (K ∩ Q ∩ Q ), but we chose v 3 not to be incident with the outer face of G, which is a contradiction.
A k-face is a face of length exactly k, and a k-vertex is a vertex of degree exactly k. A k + -face is a face of length at least k, and a k + -vertex is a vertex of degree at least k.
Lemma 10. If (G, X, ϕ) is a minimal counterexample, then G contains no 6 + -faces.
Proof. Suppose for a contradiction that G contains a 6 + -face bounded by a cycle
where k ≥ 6. Since the outer face of G is bounded by a cycle C of length at most five, we can choose the labeling of vertices of
, which would bound a face by Lemma 8. Hence, the path v 1 v 2 v 3 v 4 would be contained in boundaries of two distinct faces of G, and thus v 2 and v 3 would have degree two. Since v 1 ∈ V (C), we would also have v 2 , v 3 ∈ V (C), and thus v 2 would be a vertex of degree two not contained in C and not adjacent to X, contradicting Lemma 8. Hence, G is triangle-free, and (G , X, ϕ) is a counterexample contradicting the minimality of (G, X, ϕ).
By Lemmas 9 and 10, we have the following corollary.
Corollary 11. If (G, X, ϕ) is a minimal counterexample, then every face other than the outer one is a 5-face.
Next, we prove two claims restricting the 5-faces.
Lemma 12. Let (G, X, ϕ) be a minimal counterexample with the outer face bounded by a cycle C. Let K = v 1 v 2 v 3 v 4 v 5 be a cycle bounding a 5-face in G such that v 1 , v 2 , v 3 and v 4 have degree three and do not belong to V (C). For i ∈ {1, . . . , 4}, let u i denote the neighbor of v i not belonging to
Proof. Suppose for a contradiction that u 1 , . . . , u 4 , v 5 ∈ X and at most one of the vertices u 1 , . . . , u 4 , and v 5 belongs to V (C). If u i = u j for distinct i, j ∈ {1, . . . , 4}, then v i and v j are contained in a triangle or a 4-cycle. The former is not possible, since G is triangle-free. In the latter case, Lemma 9 implies this 4-cycle is C, contradicting the assumption that v i ∈ V (C). Therefore, the vertices u 1 , . . . , u 4 are pairwise distinct.
Suppose that G contains an edge u i u j for distinct i, j ∈ {1, . . . , 4}. Analogously to the previous paragraph, this is not possible when |i − j| = 1. If |i − j| = 2, then let k = (i + j)/2, otherwise (when {i, j} = {1, 4}), let k = 5. Then G contains a 5-cycle u i v i v k v j u j , and by Lemma 8 this 5-cycle bounds a face, implying that v k has degree two. Since v i , v j ∈ X and |V (K) ∩ V (C)| ≤ 1, this contradicts Lemma 8. Therefore, the vertices u 1 , . . . , u 4 are pairwise non-adjacent.
Next, we show that for i ∈ {1, 2, 3}, the graph obtained from G − {v i , v i+1 } by identifying u i and u i+1 is triangle-free. Otherwise, G contains a 6-cycle Q = v i v i+1 u i+1 w i+1 w i u i . By Corollary 11, since deg(v i ) = deg(v i+1 ) = 3, G has a 5-face bounded by a 5-cycle u i v i v i+1 u i+1 y i , and by Lemma 8, the 5-cycle u i w i w i+1 u i+1 y i also bounds a face. Consequently, y i has degree two, and by Lemma 8, we conclude that either y i has a neighbor in X or y i ∈ V (C). However, then either {u i , u i+1 }∩X = ∅ or u i , u i+1 ∈ V (C), which is a contradiction.
Let G be the graph obtained from G − {v 1 , v 2 , v 3 , v 4 } by adding the edge u 1 u 4 and by identifying u 2 with u 3 . If G is triangle-free, then by the minimality of (G, X, ϕ), there exists an X-enhanced coloring ψ of G extending ϕ. Note that ψ(u 1 ) ∩ ψ(u 4 ) = ∅ and we can assume that |ψ(
, ψ can be extended to v 2 and v 3 . This gives an X-enhanced coloring of G extending ϕ, which is a contradiction. So G has a triangle, necessarily containing the edge u 1 u 4 . Since u 1 u 2 , u 3 u 4 / ∈ E(G), the vertex obtained by identifying u 2 with u 3 is not contained in the triangle. Hence, u 1 and u 4 have a common neighbor w in G.
Let G be the graph obtained from G − {v 1 , v 2 , v 3 , v 4 } by identifying u 1 with u 2 , and u 3 with v 5 . If G is triangle-free, then there exists an X-enhanced coloring ψ of G extending ϕ by the minimality of (G, X, ϕ). We can assume |ψ(u 1 )| = . . . = |ψ(u 4 )| = |ψ(v 5 )| = 2, and thus ψ can be extended to v 4 and v 3 . Note that ψ(v 5 ) = ψ(u 3 ), and thus ψ(v 5 ) ∩ ψ(v 3 ) = ∅, enabling us to extend ψ to v 1 and v 2 . This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Therefore, G has a triangle, necessarily containing the vertex obtained by the identification of u 3 with v 5 . Since u 1 u 3 , u 1 v 5 / ∈ E(G), we conclude that the triangle does not contain the vertex obtained by the identification of u 1 with u 2 , and thus G − {v 1 , v 2 , v 3 , v 4 } contains a path u 3 xyv 5 . Note that u 1 , u 4 ∈ {x, y}, since G is triangle-free and
Lemma 9 implies u 1 y, u 4 y ∈ E(G). Since w is a common neighbor of u 1 and u 4 , by planarity we conclude that w = x, and thus w is adjacent to u 3 . By a symmetric argument applied to the graph obtained from G − {v 1 , v 2 , v 3 , v 4 } by identifying u 3 with u 4 , and u 2 with v 5 , we conclude that w is also adjacent to u 2 . However, then Lemma 8 implies that G has exactly 6 faces, bounded by K, wyv 5 v 1 u 1 , wyv 5 v 4 u 4 , and wu i v i v i+1 u i+1 for i ∈ {1, 2, 3}. One of these 5-cycles is C, implying that |{u 1 , . . . , u 4 , v 5 } ∩ V (C)| ≥ 2, which is a contradiction.
Corollary 13. Let (G, X, ϕ) be a minimal counterexample with the outer face bounded by a cycle C and with X = {x}.
and xv 5 ∈ E(G). Then at least one of vertices v 1 , . . . , v 4 has degree at least four.
Proof. By Lemma 8, K bounds a face. For i ∈ {1, . . . , 4}, Lemma 9 and the assumption that G is triangle-free implies xv i ∈ E(G), and thus deg(v i ) ≥ 3 by Lemma 8. Suppose for a contradiction that deg(v i ) = 3 for i ∈ {1, . . . , 4}. Let u i denote the neighbor of v i not in V (K). As in the proof of Lemma 12, we argue that the vertices u 1 , . . . , u 4 are pairwise disjoint and non-adjacent.
By Lemma 12, two of the vertices u 1 , . . . , u 4 belong to V (C). Consequently, at least one of them is adjacent to x. By symmetry, we can assume that there exists i ∈ {1, 2} such that u i ∈ V (C) and u i is adjacent to x. If i = 1, then Lemma 9 applied to the 4-cycle
which is a contradiction. If i = 2, then the 5-cycle u 2 v 2 v 1 v 5 x bounds a face by Lemma 8, and thus deg(v 1 ) = 2, which is again a contradiction.
Reducible configurations
Let us now derive further properties of special configurations in a minimal counterexample. We will often need the following observation.
Observation 14. If ψ is an {x}-enhanced coloring of a path xuv, then ψ(x)∩ψ(v) = ∅. Conversely, any precoloring ψ of x and v such that |ψ (x)| = 3, |ψ (v)| = 2, and ψ (x) ∩ ψ (v) = ∅ extends to an {x}-enhanced coloring of the path.
Next, we restrict degrees of vertices near to X.
Lemma 15. Let (G, X, ϕ) be a minimal counterexample with the outer face bounded by a cycle C and with X = {x}. Suppose a cycle
Proof. Let G be the graph obtained from G − {v 1 , u 1 } by identifying x and u 2 . Suppose first that G has an X-enhanced coloring ψ extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3}. Let u 0 denote the neighbor of u 1 distinct from v 1 and u 2 . By Corollary 11, u 0 has a common neighbor with x, and by Observation 14, we can without lose of generality assume 1 ∈ ψ (u 0 ). Furthermore, by symmetry between the colors 2 and 3, we can assume 3 ∈ ψ (u 0 ). Let
, let ψ(u 1 ) be a 2-element subset of {3, . . . , 6} \ ψ (u 0 ) containing 3, and extend ψ to v 1 by Observation 14. Then ψ is an X-enhanced coloring of G extending ϕ, which is a contradiction.
Consequently, G does not have an X-enhanced coloring extending ϕ, and by the minimality of (G, X, ϕ), we conclude G contains a triangle. Hence, G contains a 5-cycle xv 2 u 2 w 2 w 1 disjoint from {u 1 , v 1 }, and by Lemma 8, this 5-cycle bounds a face. Hence, v 2 has degree two. Since u 2 ∈ V (C), we conclude v 2 ∈ V (C).
Lemma 16. Let (G, X, ϕ) be a minimal counterexample with the outer face bounded by a cycle C and with X = {x}. Let xv 1 u 1 u 2 v 2 and xv 2 u 2 u 3 v 3 be distinct cycles bounding 5-faces in G such that First consider the case deg(u 3 ) = 3. By the minimality of (G, X, ϕ), the graph G = G − {v 2 , u 2 } has an X-enhanced coloring ψ extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3}. If |(ψ (u 1 )∪ψ (u 3 ))∩{1, 2, 3}| ≤ 2, then ψ can be extended to u 2 and v 2 by Observation 14. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction. Therefore, we can assume ψ (u 1 ) = {1, 2} and 3 ∈ ψ (u 3 ). By Observation 14, we can assume ψ (u 0 ) = {3, 4}. Furthermore, by symmetry between colors 1 and 2, and between colors 5 and 6, we can assume
Then ψ is an X-enhanced coloring of G extending ϕ, which is a contradiction.
Now we assume deg(u 3 ) = 4. Let w be the neighbor of u 3 distinct from u 2 , v 3 , and u 4 . By Lemma 9, xw / ∈ E(G), and in particular w = v 0 . By Corollary 11, we have wu 0 ∈ E(G), and in particular deg(u 0 ) ≥ 3. Let G be the graph obtained from G − {v 2 , u 2 } by identifying u 1 and w. By Lemma 8, since deg(u 0 ) ≥ 3, G − u 2 does not contain a path of length three between u 1 and w, and thus G is triangle-free. By the minimality of (G, X, ϕ), there exists an X-enhanced coloring ψ of G extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3}. If |(ψ (u 1 ) ∪ ψ (u 3 )) ∩ {1, 2, 3}| ≤ 2, then ψ extends to u 2 and v 2 by Observation 14. This gives an Xenhanced coloring of G extending ϕ, which is a contradiction. Therefore {1, 2, 3} ⊆ ψ (u 1 ) ∪ ψ (u 3 ).
If |ψ (u 3 ) ∩ {1, 2, 3}| = 2, we can assume ψ (u 3 ) = {1, 2} and 3 ∈ ψ (u 1 ) = ψ (w). By Observation 14, we can also assume ψ (u 4 ) = {3, 4}. By symmetry between the colors 1 and 2, and between the colors 5 and 6, we can assume 1,
, and ψ(v 2 ) = {9−α, 6}. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Hence |ψ (u 3 ) ∩ {1, 2, 3}| = 1, and we can assume ψ (u 3 ) = {3, 4} and ψ (u 1 ) = ψ (w) = {1, 2}. By Observation 14, we have 3 ∈ ψ (u 0 ), and thus |{5, 6} ∩ ψ (u 0 )| ≤ 1 and by symmetry between the colors 5 and 6, we can assume that 6 ∈ ψ (u 0 ). Let
, and ψ(v 2 ) = {4, 6}. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Lemma 17. Let (G, X, ϕ) be a minimal counterexample with the outer face bounded by a cycle C and with X = {x}. Let xv 1 u 1 u 2 v 2 and xv 2 u 2 u 3 v 3 be cycles bounding 5-faces in G, such that
Proof. By Corollary 11, there exist paths u 1 u 0 v 0 x and u 3 u 4 v 4 x in G with u 0 = u 2 = u 4 . By Lemma 8, deg(u 2 ) ≥ 3, and by Lemma 16, deg(u 2 ) ≥ 4. Suppose for a contradiction that deg(u 2 ) = 4, and let w be the neighbor of u 2 distinct from u 1 , v 2 , and u 3 . By Lemma 8, xw / ∈ E(G), and w and x have no common neighbor. Let G = G − {v 2 , u 2 } + xw. Then G is triangle-free. By the minimality of (G, X, ϕ), there exists an X-enhanced coloring ψ of G extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3} and ψ (w) = {4, 5}.
Let ψ be the restriction of ψ to G − {v 1 , u 1 , v 2 , u 2 , v 3 , u 3 }. By Observation 14, we can assume 1 ∈ ψ(u 0 ), and thus by symmetry between the colors 2 and 3, and between the colors 4 and 5, we can assume that {2, 5} ∩ ψ(u 0 ) = ∅. Set ψ(u 1 ) = {2, 5} and ψ(v 1 ) = {4, 6}. By a symmetric argument, there exist α ∈ {1, 2, 3} and β ∈ {4, 5} such that {α, β} ∩ ψ(u 4 ) = ∅. Set ψ(u 3 ) = {α, β} and ψ(v 3 ) = {9 − β, 6}. Let γ be a color in {1, 3} \ {α} and set ψ(u 2 ) = {γ, 6} and ψ(v 2 ) = {4, 5}. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
More reducible configurations
Before we proceed with our analysis of configurations in a minimal counterexample, let us establish an auxiliary result on colorings of the graph depicted in Figure 1 . Lemma 18. Let H be the graph shown in Figure 1 and let L be an assignment of subsets of {1, . . . , 6} to vertices of H satisfying the following conditions:
There exists a 2-element set S ⊆ L(u 1 ) such that 3 ∈ S and S ∩ L(y 1 ) = ∅, and for any such set S, the graph H has an {x}-enhanced coloring ϕ
Consider any such set S, and let ϕ(u 1 ) = S, ϕ(x) = {1, 2, 3} and
Thus we can choose a 2-element subset ϕ(u 3 ) of L(u 3 ) \ ϕ(w 3 ) such that |ϕ(u 3 ) ∩ {1, 2}| = 1; by symmetry, we can assume that ϕ(u 3 ) = {1, 5}. Since 3 ∈ ψ(u 1 ), we have |{4, 6} ∩ ψ(u 1 )| ≤ 1, and thus we can assume that say 4 ∈ ψ(u 1 ). Set ϕ(u 2 ) = {2, 4}, ϕ(v 2 ) = {5, 6}, and ϕ(v 3 ) = {4, 6}. This gives a set coloring of H as required.
Hence, we can assume L(w 3 ) = L(u 3 ) = {1, 2, 5, 6}. Let ϕ(w 1 ) be a 2-element subset of L(w 1
Proof. Note that deg(u 2 ) = 3, deg(v 2 ) = 2, and v 2 ∈ V (C), and thus deg(v 1
Suppose for a contradiction that deg(w 1 ) = deg(w 3 ) = 3. For i ∈ {1, 3}, let y i be the neighbor of w i distinct from u i and w 4−i . Let G be the graph obtained from G − {v 2 , u 2 } by identifying u 3 and w 1 . Since deg(w 3 ) = 3, Lemma 8 implies that u 3 and w 1 are not joined by a path of length three in G − u 2 , and thus G is triangle-free. By the minimality of (G, X, ϕ), there exists an X-enhanced coloring ψ of G extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3}. If |(ψ (u 1 ) ∪ ψ (u 3 )) ∩ {1, 2, 3}| ≤ 2, then ψ can be extended to u 2 and v 2 by Observation 14. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction. Therefore, {1, 2, 3} ⊆ ψ (u 1 ) ∪ ψ (u 3 ).
Suppose first |ψ (u 1 ) ∩ {1, 2, 3}| = 2, and thus we can assume ψ (u 1 ) = {1, 2} and 3 ∈ ψ (u 3 ) = ψ (w 1 ). By Observation 14, we can assume ψ (u 0 ) = {3, 4}. By symmetry between the colors 5 and 6, we can assume 6 ∈ ψ (u 3 ) = ψ (w 1 ). Let
, α} for a color α ∈ {4, 5} \ ψ (u 3 ), and ψ(v 2 ) = {9 − α, 6}. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Therefore, |ψ (u 1 ) ∩ {1, 2, 3}| = 1, and we can assume ψ(u 1 ) ∩ {1, 2, 3} = {3} and ψ(u 3 ) = ψ(w 1 ) = {1, 2}. By Observation 14, we can assume ψ (u 4 ) = {3, 4} and |ψ
, and let L(u 1 ) be a 3-element subset of {3, 4, 5, 6} \ ψ (u 0 ) containing the color 3. Let R = {x, v 1 , u 1 , v 2 , u 2 , v 3 , u 3 , w 1 , w 3 , y 1 }, and observe that G[R] is isomorphic to the graph depicted in Figure 1 . Let ψ be the union of the restriction of ψ to G − R and the coloring of G[R] obtained by Lemma 18 for the list assignment L. Then ψ is an X-enhanced coloring of G extending ϕ, which is a contradiction.
Suppose u 2 u 3 u 4 w 4 w 2 is a cycle bounding a face in a plane graph G, where u 2 , u 3 , and u 4 are not incident with the outer face, deg(u 3 ) = 3 and deg(u 4 ) = 5. We say that the cycle is (u 4 , u 3 )- dangerous if either deg(u 2 ) = 3, or deg(u 2 ) = 4 and deg(w 4 ) = deg(w 2 ) = 3. We now exclude the situations in Figure 2 involving dangerous faces.
Lemma 20. Let (G,
Proof. Note that deg(u 3 ) = deg(u 5 ) = 3, deg(v 3 ) = deg(v 5 ) = 2, and u 2 , u 6 ∈ V (C), and thus deg(v 2 ) = deg(v 6 ) = 2 and v 2 , v 6 / ∈ V (C) by Lemma 15. By Corollary 11, there exist paths u 2 u 1 v 1 x and u 6 u 7 v 7 x in G with u 1 = u 3 and u 7 = u 5 . Suppose for a contradiction that K 1 is (u 4 , u 3 )-dangerous and K 2 is (u 4 , u 5 )-dangerous. By Corollary 11, Lemma 15, and symmetry, we can assume that G contains one of the subgraphs H 1 , H 2 , or H 3 depicted in Figure 2 (up to possible identification of vertices u 1 and u 7 in the graph H 3 ; all other identifications can be excluded using Lemma 8). Let G be the graph obtained from G − {v 3 , u 3 , v 5 , u 5 } by identifying u 2 and w 4 , and identifying u 6 and w 4 . Using Lemma 8, observe G is triangle-free. By the minimality of G, there exists an X-enhanced coloring ψ of G extending ϕ. We may assume without lose of generality that ψ (x) = {1, 2, 3}.
Suppose first that ψ (u 4 ) ⊂ {1, 2, 3}, say ψ (u 4 ) = {1, 2}. For i ∈ {2, 6}, by Observation 14 we have ψ (u i ) ∩ {1, 2, 3} = ∅. Hence, we can assume ψ (u 2 ) = ψ (w 4 ) = {3, α} and ψ (u 6 ) = ψ (w 4 ) = {3, β} for some α, β ∈ {4, 5}. Let
, ψ(u 5 ) = {1, 9 − β}, and ψ(v 5 ) = {β, 6}. Then ψ is an X-enhanced coloring of G extending ϕ, which is a contradiction.
Therefore, by Observation 14, we can assume ψ (u 4 ) ∩ {1, 2, 3} = {3}. Let us now discuss the cases regarding the ways K 1 and K 2 could be dangerous.
(i) Suppose first that deg(u 2 ) = deg(u 6 ) = 3, and thus w 2 = u 1 and w 6 = u 7 , see the subgraph H 1 in Figure 2 . Let ψ be the restriction of ψ to G − {v 2 , u 2 , v 6 , u 6 }. If ψ (u 2 ) = {1, 2}, then we can set ψ(u 2 ) = ψ (u 2 ), ψ(v 2 ) = ψ (v 2 ), choose ψ(u 3 ) as a 2-element subset of {1, . . . , 6} \ (ψ (u 2 ) ∪ ψ (u 4 )) containing color 1 or 2, and choose ψ(v 3 ) as a 2-element subset of {4, 5, 6} \ ψ(u 3 ). If ψ (u 2 ) = {1, 2}, then by Observation 14 and symmetry, we can assume ψ (u 1 ) = {3, 4} and 6 ∈ ψ (u 4 ). We set ψ(u 2 ) = {1, 5}, ψ(v 2 ) = {4, 6}, ψ(u 3 ) = {2, 6} and ψ(v 3 ) = {4, 5}. Symmetrically, we extend ψ to u 5 , v 5 , u 6 , and v 6 . This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
(ii) Hence, we can by symmetry assume that deg(u 6 ) = 4 and w 4 and w 6 are vertices of degree three. By Lemma 8, we have w 4 , w 6 ∈ V (C). Suppose that deg(u 2 ) = 3, see the subgraph H 2 in Figure 2 . If ψ (u 6 ) = {1, 2}, then by Observation 14, we can assume that ψ (u 6 ) = {2, 4} and ψ (u 4 ) ⊆ {3, 4, 5}. Let
Then ψ extends to u 2 , v 2 , u 3 , v 3 as in the previous case, and we can choose ψ(u 5 ) = {1, 6} and ψ(v 5 ) = {4, 5}. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Therefore, ψ (u 6 ) = {1, 2}. By Observation 14, we can assume ψ (u 7 ) = {3, 4}. Let R = {x, v 4 , u 4 , v 5 , u 5 , v 6 , u 6 , w 4 , y 4 , w 6 }, where y 4 is the neighbor of w 4 distinct from u 4 and w 6 . Note that G[R] is isomorphic to the graph depicted in Figure 1 . Since 3 ∈ ψ (u 4 ) and ψ (u 6 ) = ψ (w 4 ), by Observation 14 we have ψ (w 4 ) ∩ {1, 2} = ∅, and thus there exists a 3-element set L(u 4 ) ⊆ {3, . . . , 6} \ ψ (w 4 ) containing the color 3. Let ψ be the X-enhanced coloring of G − {u 3 , v 3 } obtained from the restriction of ψ to G − (R ∪ {u 3 , v 3 }) by extending it to G[R] using Lemma 18. Note that ψ(u 4 ) ⊆ {3, 4, 5, 6} and 3 ∈ ψ(u 4 ).
By Observation 14, we have ψ(u 2 ) ∩ {1, 2} = ∅. If ψ(u 2 ) = {1, 2}, then ψ can be extended to u 3 and v 3 by Observation 14. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction. If ψ(u 2 ) = {1, 2}, then by Observation 14, ψ(u 1 ) = {3, α} for some α ∈ {4, 5, 6}.
, β}, and ψ 0 (u 3 ) = {2, γ} for β ∈ {4, 5, 6} \ {α} and γ ∈ {4, 5, 6} \ (ψ(u 4 ) ∪ {β}). Then ψ 0 can be extended to v 2 and v 3 by Observation 14, giving an X-enhanced coloring of G extending ϕ, which is a contradiction.
(iii) Therefore, deg(u 2 ) = deg(u 6 ) = 4 and w 2 , w 4 , w 4 and w 6 are vertices of degree three, see the subgraph H 3 in Figure 2 . By Lemma 8, we have w 2 , w 4 , w 4 , w 6 ∈ V (C). If ψ (u 2 ) = {1, 2} and ψ (u 6 ) = {1, 2}, then ψ extends to u 2 , v 2 , u 5 and v 5 by Observation 14. This gives an X-enhanced coloring of G extending ϕ, which is a contradiction.
Hence, we can by symmetry assume ψ (u 6 ) = {1, 2}. By Observation 14, we can assume ψ (u 7 ) = {3, 4}. Let R = {x, v 4 , u 4 , v 5 , u 5 , v 6 , u 6 , w 4 , y 4 , w 6 }, where y 4 is the neighbor of w 4 distinct from u 4 and w 6 . If ψ (u 2 ) = {1, 2}, then color G[R] by Lemma 18 and then extend the coloring to u 3 and v 3 as in the case (ii). Hence, we can also assume that ψ (u 2 ) = {1, 2}, and ψ (u 1 ) = {3, α} for some α ∈ {4, 5}. Let R = {x, v 2 , u 2 , v 3 , u 3 , v 4 , u 4 , w 4 , y 4 , w 2 }, where y 4 is the neighbor of w 4 distinct from u 4 and w 2 . Since ψ (w 4 ) = ψ (w 4 ) = {1, 2}, we have ψ (y 4 ), ψ (y 4 ) ⊂ {3, 4, 5, 6}, and if ψ (y 4 )∩ψ (y 4 ) = ∅, then ψ (y 4 )∪ψ (y 4 ) = {3, 4, 5, 6}. Hence, there exists a 2-element set S ⊆ {3, 4, 5, 6} such that 3 ∈ S and S ∩ ψ (y 4 ) = ∅ = S ∩ ψ (y 4 ).
Let ψ be the restriction of ψ to G − (R ∪ R ). By Lemma 18, ψ extends to colorings ψ 1 of
is an X-enhanced coloring of G extending ϕ, which is a contradiction.
Discharging

Notation
Consider a minimal counterexample (G, X, ϕ) with the outer face bounded by a cycle C. By Corollary 11, every face other than the outer one is a 5-face. If X = {x}, consider a cycle We say g is a type-C face, and for i ∈ {1, 2} we say g is connected to f i if deg(w 2i−1 ) = 3. Note that a type-C face is connected to at most one type-A-2 face and is incident with at least three 4 + -vertices.
A type-A-2 face is tight if no vertex or type-C face is connected to it. Continuing in the situation of the previous paragraph, suppose that deg(w 3 ) ≥ 4. Since deg(v 3 ) = 2, there exists a cycle xv 3 u 3 u 4 v 4 bounding a 5-face f 3 distinct from f 2 . Suppose that u 4 ∈ V (C).
• If deg(v 4 ) = 2, then deg(u 4 ) ≥ 4 by Lemma 17. If deg(u 4 ) = 4, then let w 3 u 3 u 4 w 4 y 3 be a cycle bounding the 5-face h incident with u 3 distinct from f 2 , f 3 , and g, see the left graph in Figure 3 for an illustration. We say h is a type-D face connected to f 2 .
• Suppose now deg(v 4 ) = deg(u 4 ) = 3 (so f 3 is a type-B face) and a cycle v 4 u 4 w 4 y 4 z 4 bounds a 5-face k = f 3 , where deg(y 4 ) = deg(z 4 ) = 3, v 4 , w 4 , y 4 , z 4 ∈ V (C) and deg(w 4 ) ≥ 4. Let q be the face incident with u 4 distinct from f 3 and k, bounded by the cycle q = w 4 u 4 u 3 w 3 y 3 , see the right graph in Figure 3 for an illustration. We say q is a type-E face connected to k. Note that each type-E face is incident with at least three 4 + -vertices.
By Lemma 8, the distance of w 3 and w 4 from x is three, and thus a type-D or type-E face cannot also be a type-A, type-B, or type-C face, and a type-D face cannot also be a type-E face. Furthermore, each type-D face is connected to p ≤ 2 type-A-2 faces and is incident with at least (p+2) 4 + -vertices, and each type-E face is connected to a unique face. Suppose now cycles xv 1 u 1 u 2 v 2 and xv 2 u 2 u 3 v 3 bound distinct 5-faces f 1 and f 2 , where
, and deg(u 3 ) = 4. Let g be the face incident with u 2 distinct from f 1 and f 2 , bounded by the cycle u 1 w 1 w 3 u 3 u 2 . If for some i ∈ {1, 3}, the vertex w i has degree at least four, we say g is a type-F face connected to u 1 . Note that each type-F face is incident with at most two vertices of degree three not belonging to V (C). By Lemma 8, the distance of w 3 and w 4 from x is three, and thus a type-F face cannot also be a type-A, . . . , or type-E face, and each type-F face is connected to a unique vertex.
Let Q be a 5-cycle in G vertex-disjoint from X and intersecting C in at most one vertex. We say the face bounded by Q is tied to a vertex z ∈ V (C) if z / ∈ V (Q) and z has a neighbor in V (Q) \ V (C) of degree three. Suppose X = {x} and x is tied to a 5-face f not incident with x bounded by the cycle v 5 v 1 v 2 v 3 v 4 via an edge xv 5 . By Lemmas 8 and 9, no vertex of C is incident with f . By Corollary 13, a vertex incident with f has degree at least four, without loss of generality v 1 or v 2 . If four vertices of Q have degree three, then let g be the face whose boundary contains the path xv 5 v 1 ; in this situation, we say that f is a special 5-face tied to x and connected to g.
Initial charge and discharging rules
Now we proceed by the discharging method. Consider a minimal counterexample (G, X, ϕ) with the outer face bounded by the cycle C. Set the initial charge of every vertex v of G to be ch 0 (v) = deg(v) − 4, and the initial charge of every face f of G to be ch 0 (f ) = |f | − 4. By Euler's formula,
We can without loss of generality assume that X = ∅ (and thus |X| = 1), as otherwise we observe that the cycle C bounding the outer face contains a subpath uxv such that |ϕ(u) ∪ ϕ(v) ∪ ϕ(x)| ≤ 5, and we can set X = {x} and add a color to ϕ(x). Let x denote the unique vertex in X. We redistribute the charges according to the following rules.
R1 Each face other than the outer one sends 1 3 to each incident vertex that either has degree two and belongs to V (C), or has degree three and does not belong to V (C).
R2 Each face sends 1 to each incident vertex that has degree two and does not belong to V (C).
R3
The vertex x sends 1 to each incident face other than the outer one.
R4 Each 5
+ -vertex other than x sends R10 Suppose f is a special 5-face tied to x and connected to a face g. If a type-E face h is connected to f , then h sends Let the charge obtained by these rules be called final and denoted by ch. Note that the redistribution does not change the total amount of charge, and thus the sum of the final charges assigned to vertices and faces of G is −8 by (1).
Final charges of vertices
Lemma 21. Let (G, {x}, ϕ) be a minimal counterexample with the outer face bounded by a cycle C.
Proof. By Lemma 8, v has degree at least two. If v has degree two, then v receives 1 from each incident face by R2, and thus ch(v) = ch 0 (v) + 2 × 1 = 0. If v has degree three, then it receives If v has degree five, then v sends 1 3 to each incident type-A-3 face by R4, and each connected type-A-1 face or type-A-2 face by R5. Let k be the number of faces to that v sends charge. By Lemma 9, there exists at most one path of length two between v and x, and thus v is incident with at most two type-A-3 faces, and connected to at most two type-A-1 or type-A-2 faces, implying 
Final charges of faces
Lemma 23. Let (G, {x}, ϕ) be a minimal counterexample with the outer face bounded by a cycle C. Every face f not incident with x satisfies ch(f ) ≥ 0.
Proof. By Corollary 11, we have |f | = 5 and ch 0 (f ) = 1. Since f is not incident with x, Lemma 8 implies that every vertex of degree two incident with f belongs to V (C), and thus f does not send charge by R2. By R1, f sends at most and thus the number of vertices to that f sends charge is at most 5
If f is a type-E face, then f is connected to exactly one special 5-face g tied to x, and f sends 
Lemma 24. Let (G, {x}, ϕ) be a minimal counterexample with the outer face bounded by a cycle C. Any face f incident with x other than the outer one satisfies ch(f ) ≥ 0.
Proof. By Corollary 11, we have |f | = 5 and ch 0 (f ) = 1. Note that f receives 1 from x by R3 and sends charge only by R1, R2, R6, and R10. Let xv 3 u 3 u 4 v 4 denote the cycle bounding f .
Consider first the case that neither v 3 nor v 4 is a vertex of degree two not belonging to C. Then f sends at most 4× Hence, we can assume deg(v 3 ) = 2 and v 3 ∈ V (C), and thus f sends 1 to v 3 by R2. By Lemma 9, we have u 3 / ∈ V (C), and thus deg(u 3 ) ≥ 3 by Lemma 8. Let f 2 = f be the other 5-face incident with xv 3 , bounded by a cycle xv 3 u 3 u 2 v 2 . By R1 and R6, f sends at most 1 3 to u 3 and f 2 in total. We now discuss the case that v 4 is not a vertex of degree two not belonging to C.
• If v 4 ∈ V (C), then f does not send charge by R10, and sends at most • If f sends at most • Hence, we can assume that f sends charge by both R6 and R10, and f sends charge to both by R8, and ch(f )
Proof of Theorem 7
Proof of Theorem 7. Suppose for a contradiction there exists a minimal counterexample (G, X, ϕ), with the outer face bounded by a cycle C. As we argued before, we can assume X = ∅; let X = {x}. By Lemma 21, ch(v) ≥ 0 for v ∈ V (G) \ V (C). By Lemmas 23 and 24, ch(f ) ≥ 0 for every non-outer face f of G. Let G be a graph and let S be a proper subgraph of G. We say G is S-critical for (6 : 2)-coloring if for every proper subgraph H ⊂ G such that S ⊆ H, there exists a (6 : 2)-coloring of S that extends to a (6 : 2)-coloring of H, but not to a (6 : 2)-coloring of G.
In [1] , we proved a strengthening of the following claim.
Theorem 25 (Dvořák and Hu [1] ). Let G be the class of graphs of girth at least five embedded in surfaces such that if G ∈ G is embedded in Σ and S is the subgraph of G drawn in the boundary of Σ, then G is S-critical for (6 : 2)-coloring. Then G is strongly hyperbolic.
By Theorem 7.11 in [6] , we have the following result.
Theorem 26. There exists a constant λ > 0 such that the following holds. Let G be a plane graph of girth at least five and let C 1 , . . . , C k be cycles bounding faces of G. If G is (C 1 ∪C 2 ∪· · ·∪C k )-critical for (6 : 2)-coloring, then |V (G)| ≤ λ k i=1 |C i |.
Proof of Theorem 4
Let G be a plane graph of girth at least 5 and let x be a vertex of G with neighbors y 1 ,. In this case, C x is the 5-cycle y 1 y 1 y 2 y 3 y 2 . Note that the girth of the graph obtained from G by splitting x is also at least five.
Proof of Theorem 4. Let λ be the constant from Theorem 26, and let s = 4λk + 5. Let G be a plane graph of girth at least five and let X be a set of vertices of G of degree at most k, such that the distance between vertices of X is at least s. Let X ⊆ X consist of all vertices in X of degree at least two.
For each x ∈ X , by Theorem 5 there exists an {x}-enhanced coloring ψ x of G. Let G be the graph obtained from G by splitting every vertex in X . Let ϕ be a (6 : 2)-coloring of S = x∈X C x defined as follows. For each x ∈ X and each vertex y ∈ V (C x ) corresponding to a neighbor of x in G, we let ϕ(y) = ψ x (y). To other vertices of S, we extend the coloring arbitrarily (this is possible, since they have degree two).
We claim that ϕ extends to a (6 : 2)-coloring of G ; suppose for a contradiction this is not the case. Let G be a minimal subgraph of G such that S ⊂ G and ϕ does not extend to a (6 : 2)-coloring of G . Clearly, G = S; let G 0 be a connected component of G such that E(G 0 ) ⊆ E(S), let S = S ∩ G 0 , and let ϕ be the restriction of ϕ to S . By the minimality of G , observe that G 0 is S -critical for (6 : 2)-coloring and ϕ does not extend to a (6 : 2)-coloring of G 0 . Let X = {x ∈ X : C x ⊆ S }. If |X | ≤ 1, and thus X ⊆ {x} for some x ∈ X , then note that ψ x would give an extension of ϕ to a (6 : 2)-coloring of G 0 , which is a contradiction. Therefore, |X | ≥ 2. By Theorem 26, we have |V (G 0 )| ≤ λ x∈X |C x | ≤ 2Kλ|X |.
On the other hand, for each x ∈ X , let N x denote the set of vertices of G 0 at distance at most (s − 3)/2 = 2Kλ + 1 from C x . Since the distance between vertices of X in G is at least s, the distance between C x and C x in G 0 for distinct x, x ∈ X is at least s − 2, and thus N x ∩ N x = ∅. Furthermore, since G 0 is connected and |X | ≥ 2, N x contains at least 2Kλ + 1 vertices on a path from x to C x . Consequently, |V (G 0 )| ≥ x∈X |N x | ≥ (2Kλ + 1)|X |, which is a contradiction.
Therefore, ϕ indeed extends to a (6 : 2)-coloring of G . Then the restriction of ϕ to G−X extends to an X-enhanced coloring of G (for each x ∈ X we set ϕ(x) = ψ x (x), and for each x ∈ X \ X we choose ϕ(x) as a 3-element subset of {1, . . . , 6} disjoint from the color set of the neighbor of x, if any).
Fractional coloring of planar graphs of girth at least 5
We are now ready to prove our main result.
Proof of Theorem 3. Let s be the constant of Theorem 4 for k = ∆, and let M ∆ = ∆ s .
Let G be a planar graph of girth at least five with maximum degree at most ∆. Let G be the graph obtained from G by adding edges between all pairs of vertices at distance at most s − 1. The maximum degree of G is less than ∆ s = M ∆ , and thus G has a coloring by at most M ∆ colors. Let 
